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Abstract—in this paper, we present three-dimensional finite-dif-  interface and corner regions at the outer boundaries of 3-D
ference time-domain (FDTD) algorithms for transient simulation  FDTD domains. We implement the 3-D PML-FDTD schemes
of electromagnetic-wave propagation in arbitrary inhomogeneous through both a split-field PML-FDTD formulation and an

media, which incorporate the perfectly matched layer (PML) ab- - . . . .
sorbing boundary condition. We discuss the choice of constitutive unsplit-field (anisotropic-medium) PML-FDTD formulation

parameters inside the PML layers to match the interior inhomo-
geneous media for planar interfaces and corner regions. We il-

lustrate the method using both a split-field PML-FDTD formula- Il. SPLIT-FIELD FORMULATION IN CARTESIAN COORDINATES
tion in Cartesian coordinates and an anisotropic medium (unsplit) FOR INHOMOGENEOUSMEDIA
PML-FDTD formulation in cylindrical coordinates.

Index Terms—Absorbing boundary condition, finite-difference In the split-field PML formulation [4]{7], EM fields compo-
time domain, inhomogeneous media, perfectly matched layer. nents are splitinto subcomponents and matched artificial (elec-
tric and magnetic) conductivities are introduced inside the PML.
The split-field approach was shown to be equivalent to an an-
alytic continuation (continuous mapping) of Maxwell's equa-

IME-DOMAIN simulation of electromagnetic (EM)-wave tions to a complex spatial domain (complex space) [6], [7]. The

propagation and scattering ininhomogeneous media is iadvantage of recognizing the PML as an analytic continuation
portant for a wide range of applications. Analysis of multilayis that the PML implementation becontesnsparento the par-
ered microstrip antennas and circuits, EM-wave interaction witigular constitutive properties of the medium. This should be ex-
biological media, and subsurface sensing problems are exgracted since the PML is a (material) local boundary condition,
ples of applications where the host medium is inhomogeneaand its implementation should depend only onlteal material
[1]-[3]. Due toits flexibility in dealing with arbitrary inhomoge- properties of the medium. In order to match an interior homo-
neous media, the finite-difference time-domain (FDTD) metha@@eneous media with ande, the constitutive parameters of the
has become quite popular for time-domain simulations in thoB&L are set equal to those in the interior domain. The PML re-
cases [1], [2]. An important issue for the FDTD algorithm irgion is then set up as the region where the analytic continuation
unbounded domain simulations is the truncation of the finitef the spatial coordinates is enforced [6], [7].
computational domain. Absorbing boundary conditions (ABCs) In arbitrary inhomogeneous media, Maxwell’s equations are
need to be constructed at the outer boundaries to eliminate syuitten as
rious reflections from the grid terminations. .

In this paper, we discuss the application of the perfectly V xH=—iwe(r)E+o(r)E (1a)
matched layer (PML) ABC [4] for Cartesian and cylindrical V x E =iwp(r)H. (1b)
?nrrl]doé]hggg;]tomuinicgé?;(%g) dzz;%sltmhglﬁ]%?se'r;falgbl\'/t”r_argghe PML is defined through the analytic continuation on the

. . . . i spatial variables, i.e., by a continuous mapping of the spatial
rameters to match the inhomogeneous interior media for singfe. . : . - -
ariablesr, ¢, andz into complex variable$, ¢, andz through
(e~*t convention) [6], [7]
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From (6) and (7), the update for the magnetic field is given by

Fig.1. Reflectionless PML interface can be designed by inheriting the interior 1H(1/2) 1
constitutive parameters at the interface and through enforcement of the analﬁgc = - (Cl( + Qg At)
continuation of spatial coordinates. 1 R 9 —(1/2)
== << X —El> —acH; } (8)
[u(r) ¢ *

Upon substituting (4) into (1), modified Maxwell’'s equations . P
result inside the PML, i.e.. and the update equations for the electric field is given by

-1

. +1 _

V x H = — iwe(r)E + o(r)E (5a) B = (0 + QA0 e(r) 4+ ago(r) A

¥ x B =iwp(r)H (5b) . [ A, <5 y a% Hz+<1/2>)
wheree(r), u(r), ando(r) in (5) are the same as those in (1) so
fch?t ?ontinuity is preserved across the physical-domain-to-PML —|—a<6(r)ElS< - O—(r)QCAtFic} (9)
interface.

To minimize reflections, the constitutive parametgis and  with
p(r) atany transverse plane inside the PML are equal to those at . 1y 1
the physical-domain-to-PML interface, and invariant along the Fe=F + 3 (Esc + E . ) Ay (10)
normaldirection to the interface. This is illustrated in Fig. 1 for_ o ) ] ]
a planar PML along the-direction. Note that potential inho- Similar split-field schemes can be derived in other coordinate
mogeneities present in theansversedirections will eventually SYStems [7]. , ,
produce reflections inside the PML. However, such reflections For the corner regions, the Va|U.eS€(3_f), p(r), andq(r) n-
contribute only along the transverse directions, as illustratedSif€ the PML are taken from the interior-to-PNbe (instead

Fig. 2 (for a continuously inhomogeneous media, those will i Plane) interface in case of a edge corner or from the inte-

distributed reflections). This PML construction for inhomoge®©r-to-PML pointinterface in case of a vertex corner (3-D ge-
neous media preserves the two important characteristics of™3eY)- o o

PML layer, i.e.: 1) zero reflection coefficients (in the continuum AN Important observation is in order. The objective of the
limit) at the PML interface and 2) exponential decay along tfeML construction in inhomogeneous media described here
normal direction. is to produce a reflectionless interface and to eliminate the

By taking (5) on an inhomogeneous media with conductiviPurious reflections from the grid terminations. However, the
loss, splitting the fields (i.eE = E,, + E,, + E,., with resulting solution obtained in the finite PML-FDTD domain
E. . — VEwny + 7. efc), and tr;]sfornfliyng back to timeMay not, for some inhomogeneous problems, correspond to the

sr STy STz Al

domain, the following equations are obtained for g and actual solution (unbounded domain) in mind. This is because
H,. suBcomponents ' the PML is designed to suppreab reflections from the outer

domain while, for some inhomogeneous media problems (e.g.,

a(%u(r)HSC + Qep(r)H,e unbound_ed random media or_rou_gh surfaces), some amount
of reflection from the outer region is nevertheless present. For

- _5 > QE (6) those problems, however, the truncation error is of a different
a¢ \ nature [8], [9] (and is present even in integral-equation-based

0 methods [9]). Mathematically, this is expressed by the fact that
ace(r)&ESC—FQCG(r)ESC+a<0(r)E5<Q<0(r)/0 B (r) dr a Sommerfeld-like radiation condition cannot be invoked in

5>< a H @ such cases. For many inhomogeneous problems of practical

¢ interest however (e.g., layered media problems), the truncated
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Fig. 3. Permittivity profile of a stratified random medium with Gaussian correlation function in-thieection.

PML-FDTD solution and the infinite-domain solution ddnsidethe PML, the values fot(r) andy(r) in (13) are chosen

coincide. equal to those at the interior-domain-to-PML interface, as ex-
plained in Section Il
Ill. ANISOTROPIGMEDIUM FORMULATION IN CYLINDRICAL Maxwell’s equations in a inhomogeneous media weith)
COORDINATES FORINHOMOGENEOUSMEDIA andy are, therefore, written as
The unsplit field formulation of the PML is an alternative for- iwpl (6.  H=V x E (14a)

mulation where the spatial operators in the Maxwell's equations _o(r) -
retain their usual form and the constitutive relations are modi- ** <1 - 'Lwe(r)> (A E=-VxH (14b)
fied. The resultant fields inside the PML can be associated Ww}lich may be written, in terms of auxiliary field,, D, E,
those of an anisotropic medium with particular electric and magl—mp|y as
netic constitutive tensors. )

To illustrate the generality of the approach, here we will con- iwpH, =V x E (152)
sider 3-D cylindrical coordinates instead of Cartesian coordi- —iwD, +oE, =V x H (15b)
nates. In the case of 3-D cylindrical coordinates, the PML COjjhere , = K[p,qb,z] .H,D, = K[mé’z} .D, andE, =

;tltgtg/ € tensi)_:strnatched to ta horr;ogeneous_ttmedlun;, chlaé)rac.f\ei/r)jw] - E. By comparing these eql.J.ation's with the split-field,
ized by constitutive parameterandy, are written as [7], [10] it is seen that the update for the auxiliary fieBs, D,, andE,

erML = €A, 0.21(p, 73 W) (11a) is just an unsplit version of the split-field update scheme with
and s¢ = 1. Therefore, the update of the auxiliary fields in terms
_ of the original ones is just a special case of the update scheme
Bonr, = [y 21(p, 23 W) (11b) of the Section Il. To complete the overall update, we need to
update the original fields from the auxiliary ones. To do so, we
where - - use the definition of the auxiliary fields directly, which, in the
1:&[,,7[;57Z1(p, Zw) = ﬁﬁpsz + J)J)@ 4 aslle (12) time domain, reduces to a simple system of auxiliary first-order
PSp P pSz differential equations.
These constitutive parameters produce a cylindrically layered
PML medium matched to the interior medium for all frequen- IV. NUMERICAL RESULTS AND ANALYSIS

cies and angles of incidence.

Since the perfect matching condition idoal condition in
space, we can apply the condition locally in order to match
inhomogeneous interior medium witlr) andp(r), i.e.,

To discuss the implementation of the PML-FDTD algorithm
in inhomogeneous media, we consider two distinct scenarios.
First, we simulate a-directed Hertzian dipole radiating in a
_ - layered medium, where the permittivity profile is a particular
€PML :e(r)é[w,z}(pv“”) (133) yealization of a random medium with a Gaussian correlation
Fipnr =(T)A[, 21 (0, 23w). (13b) function in thez-direction. The medium is homogeneous in the
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Fig. 4. Local reflection error for the Cartesian PML in the inhomogeneous media of Fig. 3.

z- andy-directions. The particular profile obtained is depicted T e
in Fig. 3. In this example, the theoretical.) is 3, and the ac-
tual (e} is 2.8. The correlation length is 0.4 m, which comprise PYAVINNAPS

20 grid cells. The variance is 25%. The source is located at the - A
center of the 3-D FDTD domain. The source pulse is a deriva-
tive of the Blackman—Harris (BH) pulse with center frequency
fe = 200 MHz. We use an eight-layer PML with a quadratic

Local reflection error (dB)
\ .

taper. Fig. 4 depicts the local reflection error using the Cartesian ol 1 i
PML matched to the interior domain, and implemented as dis- ! ! i | i
cussed in Section lll. The reflection error is compared against an S i
homogeneous PML using = 2.8. The local reflection error is ot N

defined as the difference of the electric field PML—FDTD results Tine sep
against those of a much larger benchmark FDTD domain where
reflections from the grid terminations are causally isolated. TH7&-
reflection error is measured two cells away from the PML in-c
terface. From Fig. 4, we see that the reflection error using the
correct (inhomogeneous af PML parameters is order of mag-and implemented as discussed in Section Ill. The reflection
nitudes lower than using a homogeneous PML. error is compared against an anisotropic-medium cylindrical
Next, we illustrate results for the anisotropic-mediunPML with no azimuthal variation at on its constitutive param-
cylindrical PML implementation in a inhomogeneougterse, = e. ande = o.. Again, the local reflection error
medium. The 3-D PML-FDTD domain is discretized using & defined as the difference of the electric field PML-FDTD
(Np, Ny, N.) = (20, 40, 50) grid. The PML comprises the results against those of a much larger benchmark FDTD do-
outer ten cells in the-direction and the top and bottom tenmain, and it is measured one cell away from the PML interface.
cells in thez-direction, we use a quadratic profile for the PMLFrom Fig. 5, we see that, also in this case, the reflection error
We simulate the radiation of a-oriented electric Hertzian using the correct inhomogeneous PML parameters is order
dipole located ap = 0 and N, = 25 in a medium having of magnitudes lower than using a PML with no azimuthal
€. = €. ando = o, for p < bem ande,. = €.[1 + «cos(mé)] variation. For largern, we have encountered high-frequency
ando = o.[1 + Bcos(mb)] for p > 5 cm. This is a contrived instabilities depending on the size of the FDTD domain (for the
example of an azimuthally inhomogeneous media to dematemain size above, for. > 3). We are currently investigating
strate the method. The source pulse is again a derivative ahair origin and best filtering schemes to suppress them. Fig. 6
BH pulse with center frequencf. = 200 MHz. Fig. 5 depicts shows the three snapshots of the squared magnitude of the
the local reflection error using an azimuthally inhomogeneowedectric-field evolution on a transversal plane slice of the 3-D
anisotropic-medium cylindrical PML matched to the interiogrid. The observation plane is three cells away from the source
domain withe, =2, m = 2,0 = 107%, o = 0.5, and3 = 10, plane in thez-direction. Since the: directed dipole is located

5. Local reflection error for the cylindrical PML in inhomogeneous
ia.
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V. CONCLUSIONS

We discussed the application of PML-FDTD algorithms in
inhomogeneous media using both the split-field PML formu-
lation and the anisotropic-medium (unsplit) PML formulation.
For the split-field formulation, we described the implementa-

o
2
3

domain, both implementations can be made transparent to the
particular constitutive properties of the medium. Numerical ex-
amples were given to illustrate the discussion.

g tion in Cartesian coordinates, while for the anisotropic-medium
go.oos =i e formulation, we described the implementation in cylindrical co-
2 R R . . . X
& :g‘:’?;;,/,,'//,",“\\\\\%&i‘: : ordinates. It was_showq that., by using the mterpr.etatlon of the
b =f;¢,"l' .'In\\\\‘ N PML as a analytic continuation to a complex variables spatial
S )
204
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